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Let X be a normal scheme and F a coherent sheaf on X. The reflexive hull or 
double dual of F is the sheaf F** := Homj (Homx (F, Ox), Ox)- The natural map 
F — > F** kills the torsion subsheaf of F and the support of coker[F — > F**} has 
codimcnsion > 2. This establishes a functor from the category of coherent sheaves 
on X to the category of reflexive coherent sheaves on X. 

The same construction works as long as X satisfies Serre's condition 52, but 
otherwise the double dual is not Sa. One can, however, define a natural functor 
from the category of quasi coherent sheaves on X to the category of quasi coherent 
sheaves on X that are S2 as sheaves over their support (fT7|) . We denote it by 
F -> Fl**] and call it the hull of F. 

The main question we address in this section is the behaviour of the hull in 
families. The motivating example is the following theorem which describes all 
possible base changes that create a fiat sheaf out of a non-flat sheaf. 

Theorem 1 (Flattening decomposition theorem). [Mum66, Lecture 8] Let f : X —> 
S be a projective morphism and F a coherent sheaf on X . Then S can be written 
as a disjoint union of locally closed subschemes Si — > S such that for any g : T — > S 
the following are equivalent: 

(1) the pull back of F to X XjT is flat over T, and 

(2) g factors through the disjoint union USi — > S. 

Here we study a similar question where instead of the flatness of F we aim to 

understand the flatness of the hulls of the fiber- wise restrictions (F|x a ) **'• Note 
that even in very nice situations, for instance when / : X — -> S is smooth and the 
restrictions F\x s are all torsion free, the hulls (F\x s ) do not form a sheaf on X. 
Thus the flattening decomposition theorem does not apply directly. 

The main result (|2~Tj) is a close analog of the flattening decomposition theorem 
for projective morphisms. he next formulation is somewhat vague; see (|2ip for the 
precise version. 

Theorem 2. Let f : X — > S be a projective morphism and F a coherent sheaf on 
X . Then S can be written as a disjoint union of locally closed subschemes Si — » S 
such that for any g : T — > S the following are equivalent: 

(1) The hulls {f\** ] :teT} form a flat sheaf on X x s T -► T. 

(2) The map g factors through the disjoint union US', — > S . 

The cases when the hull of each F® m is locally free of rank 1 for some m > 
has been treated in |Hac04[ IAH09] . In moduli theory, the main application of @ 

is to the hulls w^-™' of w^ m , see (]24 1 |25 p . As a consequence we obtain a well defined 

theory of those deformations where the hulls form a flat family. 

The first step in the proof is the construction of the moduli space of husks and 
quotient husks. Generalizing the notion of a hull, a husk of a quasi coherent sheaf F 
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is a map q : F — > G where G is torsion free over its support and q is an isomorphism 
at the generic points. There are no instability problems for coherent husks, and we 
prove that they have a fine moduli space (fTU)) . The necessary techniques are taken 
from |Gro62[ [LP93, LP95] with very little change. Similar ideas have been used in 
|Hon04l RK061 IPT071 |Ryd08| . 

It is then not difficult to identify the hulls among the husks to obtain (|2Tj) . 

The appendix discusses how to extend these results from projective morphisms 
to proper morphisms of algebraic spaces. This is joint work with M. Lieblich. 

It would also be of interest to obtain a local version of the flattening decompo- 
sition theorem, but our methods are very much global in nature. 

Husks. 

Definition 3. We say that a quasi coherent sheaf F on a scheme X is pure or torsion 
free over its support if every associated prime of F has dimension = dim Supp F, 
that is, the maximum of the dimensions of the supports of local sections of F. In 
particular, SuppF is pure dimensional. We also say that F is pure of dimension 
n := dim Supp F. If j : X — ► Y is finite and F is pure then j*F is also pure. 

For a quasi coherent sheaf G on a scheme X, let tors G C G denote the subsheaf 
of those local sections whose support has dimension < dim Supp G. Thus G j tors G 
is pure. 

Let / : X — > S be a morphism and F a quasi coherent sheaf on X . We say that 
F is pure over S or that it has torsion free fibers over their support if for every 
s G S, the restriction F s is pure of the same dimension. 

Definition 4. Let X be a scheme over a field k, F a quasi coherent sheaf on X 
and n := dim Supp F. A husk of F is a quasi coherent sheaf G together with a 
homomorphism q : F — » G such that 

(1) G is pure of dimension n, and 

(2) q : F — > G is an isomorphism at all n-dimensional points of X. 

If h € Ann(F) then h ■ F = Q, hence h ■ G C G is supported in dimension < n, 
hence 0. Thus G is also an Ox I Ann(F) sheaf and so the particular choice of X 
matters very little. 

Assume that X is projective and H is ample on A. As in (|26p. for a coherent 
sheaf M on X write 

X (X,M{tH))~Y. a ^ M ) f - 61 3 ) 
Set n := dim Supp F and let G be a husk of F. If F, G are coherent then, by (HHl) 

a n (G) = a n (F/ tors F) and a„_i(G) > a n -i(F/ torsi* 1 ). (gj4) 

5 (Universal husk). The smallest husk of F is F/ torsi* 1 . 

There is also a largest or universal husk U(F) which can be constructed as 
follows. Let R be the total ring of quotients of Ox I Ann(F). That is, we invert 
every element that is a unit at every n-dimensional generic point of Ox I Ann(F). 
Then F — > F ®x R is the universal husk. 

First, F ®x R is an ii-sheaf, hence its associated primes are the n-dimensional 
generic points of Ox I Ann(F). By construction, F — > F ®x R is an isomorphism 
at every n-dimensional generic point of SuppF. 

Second, let F — > G be any other husk. Then we get F®xR — ¥ G®xR which is an 
isomorphism at every n-dimensional generic point of Supp F hence an isomorphism 
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of i?-sheaves. Thus F — » F ®x R factors as F — » G — > F ®x i?. Since G has no 
lower dimensional associated primes, G — > F ®x R is an injection. Hence the husks 
of F are the quasi coherent subsheaves of [/ (F) that contain F/ tors F. 

If n > 1 then U(F) is never coherent, but it is the union of coherent husks. 
Thus a coherent sheaf has many different coherent husks and there is no universal 
coherent husk. 

Definition 6. Let / : A — > S be a morphism and F a quasi coherent sheaf on A. 
Let n be the relative dimension of Supp F — > 5. A /iwsfc of F is a quasi coherent 
sheaf G together with a homomorphism g : F — > G such that 

(1) G is flat and pure over S, 

(2) </ : F — > G is an isomorphism at every n-dimensional point of X s n Supp F 
for every s £ S. Equivalently, if q s : F s G s is a husk for every s £ S. 

Note that the notion of a husk does depend on /. 

As before, G is also an Ox I Ann(F) sheaf and so X matters very little. 

Husks are preserved by base change. That is, if g : T — > S is a morphism, 
Xt ■= X xs T and gx ■ Xt — > X the first projection then g* x q : g* x F — > g^G is 
also a husk. 

Lemma 7. Let f : X ^ S be a morphism and F a quasi coherent sheaf on X . Let 
q : F — > G &e a /utsfc o/ F. 

(1) Let g : X —t Z be a finite S -morphism. Then g^G is a husk of g*F. 

(2) Let h :Y —t X be a fiat morphism. Then h*G is a husk of h*F. 

Proof. If g is a finite morphism and M is a sheaf then the associated primes 
of g*M are the images of the associated primes of M. This implies (1). Similarly, 
if h is flat then the associated primes of h*M are the preimages of the associated 
primes of M, implying (2). □ 

Definition 8. Let / : X — > S be a morphism, and F a coherent sheaf on X. Let 
Husk(F)(*) be the functor that to a scheme g : T — > S associates the set of all 
coherent husks of g* x R with proper support over T, where gx ■ T Xj X — > A is the 
projection. 

Let / : A — > S 1 be a projective morphism, H an /-ample divisor and p(t) a 
polynomial. Let Husk p (F)(*) be the functor that to a scheme g : T — > 5 associates 
the set of all coherent husks of g* x F with Hilbert polynomial p(t). 

Definition 9. Let / : A — > 5 be a morphism and F a quasi coherent sheaf on A. 
The husk of a quotient of F is called a quotient husk of F. Equivalently, a quotient 
husk of F is a quasi coherent sheaf G together with a homomorphism q : F — > G 
such that 

(1) G is pure over 5, say of relative dimension to and 

(2) q : F — > G is surjective at all m-dimensional points of A s nSupp G for every 
s € S. 

As in QHusk p (F)(*) denotes the functor that to a scheme g : T — > 5 
associates the set of all coherent quotient husks of w Ah Hilbert polynomial 
p(t), where gx ■ T xg X — + A is the projection. 

The first existence theorem is the following. 
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Theorem 10. Let f : X — > S be a projective morphism, H an f -ample divisor, p{t) 
a polynomial and F a coherent sheaf on X . Then QHusk p (F) is bounded, proper, 
separated and it has a fine moduli space QHusk^i* 1 ). 

(The construction establishes QHusk p (F) as an algebraic space. There does not 
seem to be any obvious ample line bundle on it, so its projectivity may be a subtle 
question.) 

Proof. We start by establishing the valuative criterion of properness and separat- 
edness. Then we check that QHusk p (F) is bounded. The moduli space QHusk p (F) 
is then constructed using the theory of quotients by algebraic group actions. 

As a preliminary step, note that the problem is local, thus we may assume that 
S is afhne. Then f,X,F are defined over a finitely generated subalgebra of Os, 
hence we may assume in the sequel that S is of finite type. 

I10U The valuative criterion of separatedness and properness. 

Let T be the spectrum of a DVR with closed point G T and generic point 
t G T. Given g : T — > S we have g* x F where gx ■ T Xj X — > X is the projection 
as in (|lip . By assumption, we also have a husk q t : F t — ► Gf, set F' t :— imq t . By 
(|30|) . there is a unique flat quotient g* x F -» F' that agrees with F[ over the generic 
point. 

Further, there is a closed subset B t C Supp G t such that dim B t < dim Supp G t 
and F{ — > Gt is an isomorphism outside B t . Let Bt C Xt be the closure of B t . 

F' is flat over T, its generic fiber is pure and its special fiber is pure outside a 
subset Zq C Xq of dimension < dim Supp Go- Furthermore, Gt and F' are naturally 
isomorphic over X t \ B t . Thus we can glue them to get a single sheaf G' defined 
on Xt \ (Z U B ). By construction, G' is flat and pure over T. 

Let j : X T \ (Z U B a ) ^ X T be the injection. Set G := j*G'. Since Z U B 
has codimension > 2 in Supp Gt, the push forward G is coherent by (|35| . The 
fibers of G are pure by ((36l4). In particular, G is flat over T and Go is a husk of 
Fq. By (|36l 4). G is the only extension of G' that is pure over T. These show that 
QHusk(F) satisfies the valuative criterion of separatedness and properness. 

Furthermore, Go has the same Hilbert polynomial as Gt- 

1101 2 Boundedness. 

F is m(F)-regular (|3Tj) for some m(F). We show that all quotient husks q : F — > 
G are m-regular for some m depending only on m(F) and p(t). This is a problem 
on the individual fibers, so from now on we assume that X C P™ is a projective 
scheme over a field. We also use that this assertion holds for all quotients of F ([30|) . 

The proof is by induction on degp(t) = dim Supp G. 

If dim Supp G = then any m works. 

Assume next that dim Supp G = 1. Let G' G G be the image of F. The Hilbert 
polynomial of G' is p(t) — c where c is the length of G/G' . Pick any K" C K := kerq 
such that K/K" has length c. Then G" := F/K" is a quotient of F with Hilbert 
polynomial £>(i), hence m-regular for some m depending only on m{F) and p(t). 
Since G" — > G has O-dimensional kernel and cokernel, this implies that G is also 
m-regular. 

Assume now that dim Supp G = n > 2. After a field extension, we may assume 
that the base field is infinite. Let H be a general hyperplane. Then F\h is also 
m-regular and F\h — ► G\h is a quotient husk with Hilbert polynomial p(t) —p(t—l) 
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by (|13|) . Hence, by induction, G\h is mi-regular for some mi depending on m(F) 
and p(t). G is then m-regular for some m depending on m(F) and p(t) by ()32|) . 

1101 3 Construction of QHusk p (_F). 

The existence of QHusk p (i 7 ') is a local problem on S. As we noted in ((6]), we can 
replace X with any larger scheme. Thus we may assume that X = Pg. 

By boundedness, we can choose m such that for any quotient husk F — > G 
with Hilbert polynomial , G s (m) is generated by global sections and its higher 
cohomologies vanish. Thus each G s (m) can be written as a quotient of O^ 1 ' ■ 

As in d30D, let 

Qp(t) := Quot° (() (Or (m) ) C Quot(Of (m) ) 

be the universal family of quotients q s : O x F ^ m ^ -» M s that have Hilbert polynomial 
p(t), are pure, have no higher cohomologies and the induced map 

q s :H (X s ,Of™)^H (X s ,M s ) 

is an isomorphism. 

Let 7r : Qpit) — > 5* be the structure map, 7rx : Qp(t) Xjl -> I the second 
projection and M the universal sheaf on Q p (t) xsl. 

By (O there is an open subscheme W p[t) = Uorn (it* x F, M) C Horn fat F, M) 
parametrizing those maps from 7r^-F to M that are surjective outside a subset 
of dimension < n — 1. Let er : W p u\ — > Q p (t) be the structure map, and ax ■ 
W p r t \ Xjl-t Q p (t) ><s X the fiber product. 

Note that W p (t) parametrizes triples 

w r ^G w t O x J~mf p{m) ) 

where r w : F w — > G w is a quotient husk with Hilbert polynomial p(t) and q w (m) : 
^ep(m) _^ (^(m) is a surjection that induces an isomorphism on the spaces of 
global sections. 

Let w' € Wp(t) be another point corresponding to the triple 

w' := [F w , r A' G w , Y Xn>l {-m)® p{m) ) 
such that 

Then the difference between w and w' comes from the different ways that we can 
write G w = G w > as quotients of Ox w (— Since we assume that q w (m) , q w i (m) 
induce isomorphisms on the spaces of global sections, the different choices of q w and 
q w t correspond to different bases in H°(X W , G w (m)). Thus the fiber of 

Mor(*, W p ( t )) — > QHusk p (F)(*) over n o a(w) —no a(w') =: s G S 

is a principal homogeneous space under the group scheme 

GL(p(t),k(s)) = Aut (h° (X s , G s (m)) 



Let G be the group scheme GL(p(t), S). Then G acts on Wp( t ) and QHusk p (F) = 
W p{t) /G [Kol97llKM97j . □ 
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Deflnition 11. Let / : X — » S be a morphism and F a quasi coherent sheaf on X. 
Let n = maxsgsdim 

Supp(F|xJ We say that F is generically flat on every fiber 
of SuppF — > S 1 if F is flat at every n-dimensional point of every fiber X s . If F is 
coherent, then this is equivalent to the following: 
There is a subscheme Z C X such that 

(1) F\ x \z is flat over S, and 

(2) dim(X,. n Z) < n for every s E S. 

Corollary 12. Notation and assumptions as in 111 (A) . 

(1) Huskp(F) is bounded, separated and it has a fine moduli space Husk p (F) 
which is an open subspace of QHusk p (F). 

(2) Assume that F is generically flat on every fiber of Suppi* 1 — > S. Then 
Huskp(F) is proper and Husk p (F) C QHusk p (F) is closed. 

Proof. Let qu : ir*F — > Gjj be the universal quotient husk over tt : QHusk p (F) — > 
S. For a surjective map with flat target, it is an open condition to be fiber-wise 
isomorphic (cf. |Mat86[ 22.5]). Thus there is a closed subset Z C QHusk p (F) x s X 
such that qu : ir*F — > Gu is a fiberwise isomorphism exactly outside Z. Then 
Huskp(F) C QHusk p (F) is the largest open subset over which the fiber dimension 
of Z — > QHusk p (F) is less than degp(t). 

Assume next that F is generically flat on every fiber of Supp F — ► 5. Then there 
is a closed subscheme C QHusk p (F) xg X such that the fiber dimension of W — > 
QHusk p (F) is less than degp(t), and F is flat and q is surjective outside W. Then 
ker<7 is also flat outside W, hence dim Supp kerg s < n is a closed condition. Note 
that q s : F s — ► G s is a husk iff g s is generically injective, that is iff dim Supp kcr q s < 
n. This proves (2). □ 

13 (Restriction of husks). Let q : F — > G be a husk or a quotient husk and H C X 
a Cartier divisor. When is F\h — * a husk or a quotient husk? 

First of all, we need that G\h be flat and pure of dimension (n — 1). The first 
of these holds if H does not contain any associated prime of any G s , cf. |Mat861 
Thm.22.5]. Since (G|h)|s = G s \h, the second condition is satisfied if H does not 

contain any associated prime of any of the hulls Gi**'; see f[34|) and (fT4|) . 
Second, for any s € S, we have an exact sequence 

-> K s -» F s -» G s -» G s /F s -» 0. 

Tensoring with H is exact if Tor 1 (F s /K s ,O h ) = and Tor 1 (G s /F s , O h ) = 0. 
Every associated prime of F s /K s is an associated prime of G s . Thus both vanishings 
hold if H does not contain any associated prime of G s or of G s /F s for every s E S. 

In particular, if G is coherent and the residue fields of S are infinite, then these 
conditions hold for general members of any base point free linear system on X. 
(See (|16l) for the required coherence of Gs-) 

Hulls. 

Definition 14. Let X be a scheme over a field k and F a quasi coherent sheaf on 
X. Set n := dim Supp F. A husk q : F — > G is called fcig/ii if g is onto at all (n — 1)- 
dimcnsional points of X. There is a unique maximal tight husk q : F — > if 1**1, 
called the /mZZ (or SVhull, see ([15])) of F. 
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F^**\ as a subset of the universal husk U(F) defined in ([5|), is generated by 
all local sections <p € U(F) such that is a local section of q(F) at all (n — 1)- 
dimensional points of Supp G. 

If X itself is normal, F is coherent and SuppF = X, then F t**t is the usual 
reflexive hull F** of F. 

The hull of a nonzero sheaf is also nonzero, in contrast with the reflexive hull 
which kills all torsion sheaves. 

Lemma 15. Let X be a scheme over a field k and F a coherent sheaf on X . 

(1) Let r : F — > G be any tight husk. Then q : F — > F'**t extends uniquely to 
an injection qc '■ G =— > F^**! . 

(2) is the unique tight husk which is S2 over its support. 

(3) i* 1 !**] is the smallest S2 husk of F . That is, if r : F — > G is any Ziusfc suc/i 
i/iai G is 52 over its support, then r factors as F — > f I**] G. 

(4) Le£ Z C X be a closed subset such that dim Z < 11 — 2 and F/ tors F is S2 
over X \ Z . Let j : X \ Z —> X denote the injection. Then 

f M = j*((F/ tors F)| xV? ). 

(5) Assume that X is projective, H is ample on X, F — > G is any coherent 
husk and n — dim Supp _F. Then, 

(a) a„(Ft**]) = a„( J F/torsF) and a„_i = a n - 1 (F/ tors F) . 

(b) an (FtH) = a n (G) and a„_ 1 (FM) < On_i(G), 

(c) egua% ZioZds iff G C Fl**l . 

TTjms i/ie /im/Z minimizes a„_i and maximizes the rest of the Hilbert poly- 
nomial. 

Proof. The first property holds by definition. 

Let r : F -> G be a tight husk such that G C F^ . Pick any E F^ \ G and a 
function / G Ox which is invertible at all n-dimensional generic points of Supp F 
such that fcf> G G. Then G G//G has < (n — 2)-dimensional support, thus G is 
not S2- 

Conversely, with / as above, let <j) G f [**l//f[**] be a local section which has 

< (n — 2)-dimensional support. Then (F^-**\ f^ 1 ^) G J7(F) is also a tight husk 
of F. Thus tfi G /Fl**l and so F^/fF^ has no nonzero local sections with 

< (n — 2)-dimensional support. Thus F*-**' is S2, hence (2) holds. 

Let r : F — > G G t/(F) be a husk which is S2. Pick any local section (j> G F^**h 
Then (G,<p)/G is supported in dimension < [n — 2). Since G is S2, this implies 
that </> G G, proving (3). 

(4) is discussed in greater detail in (f3"5)) . 

(5.a) follows from (J2BJ1) and, together with fll4), it implies (5.b). If a n (F^) = 
a n (G) and o n _i(Fl**]) = o„_i(G), then, by (J2BJ2), F — > G is a tight husk, hence 
G C Ft**l by (1). □ 

16 (Hulls of coherent sheaves). The hull Fl**l of a coherent sheaf F is almost 
always coherent. For instance, this holds if X is of finite type over a field or over 
an excellent ring. 

To see this, we can assume that X is affine and replace F by F/torsF. Then 
there is a sequence of subsheaves = F C • • • G F n = F such that every F m+ i/F m 
is isomorphic to an ideal sheaf in Ox m for some integral subscheme X m C X of 
dimension n. 
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By (pl4), F is left exact on sequences of pure n-dimensional sheaves. 

Thus it is sufficient to prove that the hull of any ideal sheaf is coherent. In turn 
this follows if the hull of Ox m is coherent. By (|15I 3) the hull of Ox m is contained 
in the normalization of Ox m ■ Thus O x *^ is coherent whenever the normalization 
is coherent. 

Definition 17. Let / : X — > S be a morphism and F a quasi coherent sheaf. Let 
n be the relative dimension of Supp F — > S. A hull of F is a husk q : F — > G such 
that, for every s £ S, the induced map g s : F s — ► is a hull ([14]) . 

We see in (fT8| that a hull is unique if it exists. Note that if a hull exists then F 
is generically flat on every fiber of Supp F — > S. 

It is clear from the definition that hulls are preserved by base change. That is, 
if g : T — > S is a morphism, Xt :— X x g T and gx ■ Xt — * X the first projection 
then g* x q : g* x F — > g^-G is also a hull. 

Lemma 18. Fef / : X — > S 6e a morphism of finite type and F a coherent sheaf 
on X. Let n be the relative dimension o/SuppF — > 5. 

(1) Let g : F — > G 6e a hull and set Z := Supp G/F. TTien G is coherent, 
dim(X s n Z) < n — 2 for every s € S and F j torsi 7, is flat over X \ Z. 

(2) Conversely, let Z C X be any closed subset such that dhn(X s HZ) < n — 2 
for every s € S and Fj torsF is flat over X \ Z . Let j : X\Z — > X denote 
the injection. Then 

G = j*((F/ tors F)\ x \z). 
In particular, F has at most one hull. 

Proof. G s = (F| s )'**' is coherent by (|16p . thus G is coherent by the Nakayama 
lemma. The rest of the first part is clear from the definition. To see the converse, 
let q : F — > G be a hull and Z any closed subset such that dim(X s D Z) < n — 2 
for every s £ S and Z D Supp coker Then f/ torsF and G are isomorphic over 
X\Z, hence Fj torsi 7, is flat over X \Z. Furthermore, by (|36p. 

G = j* (G| xvz ) - j*((F/ tors i 71 ) |x\z) ■ 
Thus G is unique. □ 

Definition 19. Let / : X — ► 5 be a projective morphism and F a coherent sheaf 
on X. For a scheme g : T -> S set Hull{F){T) = 1 if has a hull and 

Hull{F)(T) = if g^F does not have a hull, where g x ■ T x s X -> X is the 
projection. 

Definition 20. A morphism g : S — > S 1 is a locally closed decomposition of S" if 

(1) for every connected component Si C S*, the restriction of g to Si is a locally 
closed embedding, and 

(2) g is one-to-one and onto on geometric points. 

The second existence theorem is the following. 

Theorem 21 (Flattening decomposition for hulls). Let f : X — > S &e a projective 
morphism and F a coherent sheaf on X . Then 

(1) Hull(F) is bounded, separated and it has a fine moduli space Hull(F). 

(2) The structure map Hull(F) — > S is a locally closed decomposition. 



HULLS AND HUSKS 



9 



Proof. We construct the locally closed decomposition Hull(F) — > S by first 
identifying a closed stratum and then using induction. 
Let n be the maximal fiber dimension of Supp F — > S. 
For any point s € S write 

X (X a , (F s )l**\tH)) =: Ps {t) =■ a n (s)t n + a n _ 1 (s)i"- 1 + 0(<"- 2 ). 

By ((T|) and (I28l 3). {p s (t) : s £ S} is a finite set of polynomials. Let p(t) = 
a n t n + dn-it™" 1 + 0(t n ~ 2 ) be the polynomial which lexicographically maximizes 
the triple (a n (s), — a„_i(s),p s ) for all s£S. (Note the minus sign before a n ~i(s).) 

(|21I3) Claim. Every quotient husk of F with Hilbert polynomial p(t) is a hull. 

Proof. This holds after any base change, but, for simplicity of notation, we work 
directly over S. 

Let F — > G be a quotient husk with Hilbert polynomial p(t). The following exact 
sequences define K and F': 

-> F' -> G -> G/F' ->• and -> F -> F -> F' -> 0. 

Since G is fiat over S 1 and the fiber dimension of Supp(G/F') — > S is less than n, 
see see that F' is flat over S at the generic points of its support in each fiber. 

Therefore, for every s G S, K s — > F s — > F s ' — > is exact at all generic points of 
SuppG s . Thus a n (F s ) > a n (F' s ). On the other hand, we assumed that a n (F' g ) = 
a n (G s ) is the largest possible. Thus a n (F s ) = a„(F s ') and so SuppF — » S 1 has fiber 
dimension < rt over S. In particular, F — > G is a husk. 

Since F s — > G s is a husk, a n _i(F s ) < a n _i(G s ) by (fT5l 5). By our choice, 
a«-i(G s ) is the smallest possible, hence a„_i(F s ) = a n -i(G s ) and so G s C F s '**' 
by (fl5l5). Since pit) is maximized, this implies that G s = F s '**'. Thus F — > G is a 
hull. □ 

By (jTOj) . QHusk p (F) — > S is proper. As we proved, it parametrizes hulls, hence 
QHusk p (F) — > 5 is a monomorphism [T512V A proper monomorphism is a 
closed embedding ([2^)1 ; let S p C S denote the image of QHusk p (F) — > 5. 

We can now replace 5 by 5 \ 5 P and conclude by induction on the cardinality of 
{/<><'):>• ' □ 

Definition 22 (Monomorphisms). A morphism of schemes / : X — ► y is a 
monomorphism if for every scheme Z the induced map of sets Mor(Z, A) — > Mor(Z, y) 
is an injection. 

By }Gro67l IV.17.2.6] this is equivalent to assuming that / be universally injective 
and unramified. 

A closed or open embedding is a monomorphism. Other typical example of 
monomorphisms is the normalization of the node with a point missing, that is 
Al \ {-1} -> (y 2 = x 3 +x 2 ) given by (t i-> (t 2 - 1,< 3 - t). 

A proper monomorphism / : Y — > X is a closed embedding. Indeed, a proper 
monomorphism is injective on geometric points, hence finite. Thus it is a closed 
embedding iff Ox — * f*Oy is onto. By the Nakayama lemma this is equivalent to 
fx ■ f^ 1 ^) — * x being an isomorphism for every x G f{Y). By passing to geometric 
points, we are down to the case when X = Spec A:, k is algebraically closed and 
Y = Spec A where A is an Artin /c-algebra. 

If A ^ k then there are at least 2 different k maps A — > k[e], thus Spec A — > Spec k 
is not a monomorphism. 
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D. Rydh pointed out that, besides hulls, it is also of interest to consider Ff torsi* 1 , 
which is the smallest husk of F. In this case, the method of (|2T|) gives the following 
if we first maximize a n and then minimize pit) . 

Proposition 23 (Flattening decomposition for pure quotients). Let f : X — ► S be 

a projective morphism and F a coherent sheaf on X . Then S can be written as a 
disjoint union of locally closed subschemes Si — > S such that for any g : T — > S the 
following are equivalent: 

(1) g* x F/ tors g* x F is flat and pure. 

(2) g factors through the disjoint union USi — > S . 

Applications. 

Applying (|2Tj) to the relative dualizing sheaf gives the following result. 

Corollary 24. Let f : X — > S be projective and equidimensional. Let Z C X be a 
closed subscheme such that codim(X s , Z(~\X S ) > 2 for every s £ S and (X\Z) — * S 
is flat with Gorenstein fibers. Then, for any m there is a locally closed decomposition 
S m — * S such that for any g : T — > S the following are equivalent 

(1) ^xxsT/t i s fl a t over T and commutes with base change. 

(2) g factors through S m — > S . 

Proof. The question is local on S, thus we may assume that there is a finite 
surjection tt : X — > Pg. One can now define ojx/s as 

Wx/s : = Hom P g(7r»Ox,wp5/s)- 

In general, lo x /s does not commute with base change but, by assumption, its re- 
striction to X \ Z is locally free. 
We claim that S m = Hull(wf^). 

Given g : T -> S, let j T : X X S T \ Z X<? T -> X X S T be the inclusion. Then 



If T i — ► t-^x x sT/t commutes with restrictions to the fibers of X Xg T — ► T, then 



T ^ T has S2 fibers, hence ^> X x s t/t 1S ^ ne hull °^ u xx s t/t- 
Conversely, by (|18[). if ^x^xsT/t nas a nuu then it is w^. gT , T and it commutes 
with further base changes by (fl7| . □ 

Corollary 25. Let f : X —> S be projective and equidimensional. Let Z <Z X be a 
closed subscheme such that codim(X s , ZC\X S ) > 2 for every s £ S and (X\Z) — » S 
is flat with Gorenstein fibers. Assume in addition that there is an N > such that 
u>x i s locally free for every s £ S. 

Then there is a locally closed decomposition S* — > S such that a morphism 
g : T — » S factors through S* iff ^xxsT/T * s fl a ^ over T and commutes with base 
change for every m £ Z. 



Proof. Let Si — > 5 be as in (|24j) . Take S 1 * to be the fiber product of the 
morphisms Si — > 5, . . . , Sn S. □ 
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Hilbert polynomials of non-fiat sheaves. 

26 (Hilbert polynomials). Let X be a projective scheme of dimension n and H an 
ample divisor. For a coherent sheaf F, write its Hilbert polynomial as 

X (X, F(tH)) = a n (F)t n + ■■■ + a (F). 

Then a n (F) > and a n (F) = iff dim Supp F < n. 

(|26l l) Let u : F — > G be a map of coherent sheaves which is an isomorphism 
outside a subset ZcXof dimension < n — r. Then <z,(.F) = a,i(G) for n > i > n — r 
and if dim Supp ker it < n — r then a„- r (G) > a n — r (F). Indeed note that 

X (X,F(tH)) - X (X, G(tH)) = X (X, (kexu)(tH)) - X (X, (cokev u)(tH)). 

By assumption, both cokeru and keru are supported on Z, hence their Hilbert 
polynomials have degree < n — r. 

(|26I 2) Conversely, let u : F — > G be a map of sheaves which is an isomorphism at 
the generic points. If di{F) = ai{G) for n > i > n — r and dim Supp tors F < n — r, 
then u is an isomorphism outside a subset of dimension < n — r. 

(1261 3) Let / : X — ► S be a projective morphism of pure relative dimension n. Let 
F be a sheaf on X. Fix an integer r and assume that there is a closed subscheme 
ZcX such that F is flat over X \ Z and dim s (Z n X s ) < n — r for every s G 5. 

Pick an /-very ample divisor _ff . Every sgS has an open neighborhood J7 such 
that for general Hq, . . . , -ff n _ r G |fff-um |, the restriction -F|ij n---nJ?«_ r is na t over 
[/. In particular, the Hilbert polynomial x{Ho H • • • fl H n _ r , F(m)) is well defined. 

For each u <E U, the Hilbert polynomial x(i?orv • -niJn^rnXu, F(m)J determines 
the top ?' coefficients of the Hilbert polynomials x(^u? F{t)\x u )- Thus we conclude 
the following. 

(|26I 4) Under the assumptions of (|26l 3). the top r coefficients of the Hilbert 
polynomials x(X s , F(t)\x s ) are locally constant on S. 

Definition 27. Let pi and P2 be two polynomials. We say that pi < P2 if Pi(t) < 
p 2 (*) for all t > 0. 

For example, if F\ C F2 are coherent sheaves on a projective scheme and Pi is 
the Hilbert polynomial of Fi then p\ < P2 and equality holds iff F\ = F2. 

Proposition 28. Let f : X — > S be a projective morphism and H an f -ample 
Cartier divisor. Let F be a coherent sheaf on X. For a point s G S, set F s := F\x 3 ■ 

(1) The Hilbert polynomial function 

s^ X (X s ,F s (tH)) 

is constructible and upper semi continuous on S . 

(2) Assume that F is generically flat on every fiber of Supp F — > S. Then the 
Hilbert polynomial 

s» X (Xs,(F s / tors F s )(tH)) 

is constructible and lower semi continuous on S . 

(3) If F is generically flat on every fiber of Supp F — > S and dim Supp tors F s < 
dim Supp F s — 2 /or every s £ S i/ien i/ie Hilbert polynomial of the hull 

s»x{X s ,(F s )M(tH)) 

is constructible and upper semi continuous on S . 
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Proof. We may assume that S is reduced. By generic flatness |Mum66|, Lec.8] 
there is a dense open subset S° C S such that F and F/torsF are flat over S° 
and F/torsF has pure fibers. Thus x(X s ,F s (tH)) and x(X s , (F s / tors F s )(tH)) 
are both locally constant on S°. By Noetherian induction we conclude that both 
functions are constructible. 

It is thus enough to check semi continuity when S is the spectrum of a DVR. 
Let € S be the closed point and g € S the general point. Let torso F C F be the 
torsion supported on X$. Then F j torso F is flat over S and so 

X (X g ,F g (tH)) =x{X , (F/ torso F) <g> Xo (tH)). 

There is an exact sequence 

(torso F) <g> C Xo -> F ® Ox -» (F/ tors F) <8> 0x o -» 0, 

hence 

x(*o,f ®0x„(tiO) - x(^o ; (F/ tors F) ® Ox (tH)) = x{X g , F g (tH)), 

which proves upper semi continuity in the first case. 

If F is generically flat on every fiber of Supp F —> S, then 

dim Supp(torso F) <g> Ox < dim Supp Fq. 

Thus (torso F) (g> Ox maps to the torsion subsheaf of Fo and Fo / tors Fq is also a 
quotient of (F/ torso F) ® Ox ■ Therefore 

X(X , (F / tors F ) (tH)) < X (X , (F/tors F) ® Ox„(*H)) = x(^ s ,F s (tff)), 

which proves lower semi continuity in the second case. 

In order to prove ([2513). let j : U ^ X be an open set such that F/torsF is 
torsion free and flat over U and (X \ U) (1 X s has codimcnsion > 2 for a generic 
point s g 6 S. There is an open neighborhood U\ of s g such that (X \ U) X s has 
codimcnsion > 2 for every point s £ U\. Furthermore, i*(F|j/) is flat and has S2 
fibers over a nonempty open U2 C U±. Thus 

Ox s ®J*(F|t/) = (F| X „) M , 

and so x(X s , (F s )[**l(fJ?)) is locally constant on J/2- As before, this proves con- 
structibility. 

As before, it is enough to check upper semi continuity when S is the spectrum 
of a DVR and F is torsion free. In particular, F is flat over S. 

Let j : U c — > X be an open set such that F is flat over U, (X \ U) (~l X g has 
codimcnsion > 2 and (X\ Z7) PlXo has codimension > 1. Then G ■= j* (F\u) is flat 
over S and F — » G is generically an isomorphism on every fiber. On the generic 
fiber, G g = (F g y**h On the special fiber we know that Go is torsion free and there 
is a map Fq — > Go which is an isomorphism at all generic points. 

Since F and G are both flat over S, 

x{X ,F (tH))=x{X g ,F g (tH)) and X (X , G (tH)) = X {X g , G g {tH)) . 
Furthermore, since F g is torsion free, 

deg t ( X (X 9 , G g {tH)) - x(Xg,F g (tH))) < n - 2, 

hence also 

deg t (x(X , G (tH)) - x (X ,F (tH))) <n-2. 
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By assumption, dim Supp tors Fq < n — 2, hence Fo — > Go is an isomorphism at all 
codimcnsion 1 points by (|26l 2). Hence by (fT5ll) there is an injection Go (Fo)I**l. 
Thus 

x(X ,(F )M(tH)) > x (X ,Go(tH)) = X (X g ,G g (tH)) = x (X g , (F g )^(tH) □ 

Example 29. The condition on dim Supp tors F s in (|28l 3) is necessary. Let C,S 
be smooth projective curves and X = C x S. Let / : X — > S be the projection 
and F the ideal sheaf of a point (c,sq) € X. For s ^ s , F s = Oc has Hilbert 
polynomial tdegH + 1 — g(C). On the other hand, F So = Oc{—c) + k{c) and its 
hull is Oc{— c) with Hilbert polynomial tdegH — g(C). 

Quot-schemes. 

30 (Quot-schemes). |Gro62| Let / : X — > 5 be a morphism and F a coherent sheaf 
on X. Quot(F)(*) denotes the functor that to a scheme g : T — > 5 associates 
the set of all quotients of g* x F that are flat over T with proper support, where 
gx '■ T Xj X — » X is the projection. 

If F = Ox, then a quotient can be identified with a subscheme of X, thus 
Quot{O x ) = Hilb(X), the Hilbert functor. 

If H is an /-ample divisor and p(t) a polynomial, then Quot (F)(*) denotes 
those flat quotients that have Hilbert polynomial p(t). 

By |Gro62| . Quot p (F) is bounded, proper, separated and it has a fine mod- 
uli space Quot p (F). See !Ser06l Sec. 4. 4] for a detailed proof. If F = Ox, then 
Quot(Ox) = Hilb(X), the Hilbert scheme of X. 

Note that one can write F as a quotient of 0p»>(— m) r for some m, r, thus 
Quot p (F) can be viewed as a subscheme of Quot(Op„). The theory of Quot(Op„) 
is essentialy the same as the study of the Hilbert functor, discussed in |Mum66j 
and |Kol96l Sec.I.l]. 

31 (Castelnuovo-Mumford regularity). Let F be a coherent sheaf on ¥ n . We say 
that F is m-regular if iF(P", F(m - i)) = for i > 1. See |Laz041 Sec.I.l. 8] for a 
detailed treatment. 

It is known that if F is m-regular then it is also m'-regular for every m' > m 
and the multiplication maps 

F°(P", F(m')) (8 H°(F n , Op»(l)) -» H°(F n ,F(m' + 1)) 

are surjective for m! > m. Thus F(m) is generated by global sections and so F 
is a quotient of the sum of h°(¥ n , F(m)) copies of 0p»»(— m). In particular, all m- 
regular sheaves with Hilbert polynomial p(t) are quotients of Opn (— m) p ( m \ hence 
they form a bounded family. 

One can almost get a uniform vanishing theorem for F°(P",F(— r)) as follows. 
Let F be a coherent sheaf on P n and s € H°(V n ,F) a section whose support has 
dimension d. Then 

h a (P n ,F{mj) > h Q (P d ,O pd {m)) = 

In particular, if F is m-regular and h°(¥ n , F(m)) = x(IP n , F(m)) =: r then every 
section of F(m — r) has O-dimensional support. 
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Lemma 32. Let G be a coherent sheaf on P" with Hilbert polynomial p(t). Assume 
that G has no associated primes of dimension < 2. Let H C P be a hyperplane that 
does not contain any of the associated primes of G and assume that G\h is mi- 
regular. 

Then G is m regular for some m depending only on m± andp(t). 

Proof. Using the cohomology sequence of 

-»• G(r - 1) -> G{r) -» G\ H (r) -» 

we conclude that H l (X,G(r - 1)) ^ H l {X,G(rj) for i > 2 and r > m x - i + 1. 
Thus, by Serre's vanishing, H l (X, G(r)) = for i > 2 and r > mi — i. 
For i = 1 we have only an exact sequence 

H°(X,G{r)) H°{Xr\H,G\ H {r))^H\X,G{r-l)) c ^ H\X,G{r))^0, 

which shows that b(r) is onto iff c(r) is an isomorphism. 
We also have a commutative square 

H°(X,G(r))®H Q {P n ,O x {l)) -> H°(X,G(r + l)) 

6(r)®crJ. |6(r + l) 

ff°(XnH,G| H (r))®i/ (i/,OH(l)) ^ i7 (Xni/,G| H (r + l)) 

where a : H°(V n ,O x {l)) -> H°(H,O h (1)) is the (surjective) restriction. Since 
G\h is mi-regular, t(r) is onto for r > mi PT|) . 

This shows that if b(r) is onto for some r > mi then b(r + 1) is also onto. Thus, 
if b(r) is onto then b(s) is onto for every s > r and c(s) is an isomorphism for every 
s > r. Again by Serre's vanishing, this gives that G(r)) = 0. 

Otherwise iT^X^r)) ^ but then ^(X.G^)) > h^X^r + 1)). In either 
case we get that 

H^X^ir)) = for r > m x + /i 1 ^, G(m x )). 

Since G(mi)) = h°(X, G(mi))—p(mi), we are done if we can bound h°(X, G(mi 

from above. Since G has no 0-dimensional associated primes, 

h\X,G{m 1 ))<Y,h\H,G\H{m 1 -i)l 

and the latter sum is finite by (|3"Tj) and bounded by induction if G\h has no ID- 
dimensional associated primes. The latter follows from our assumptions. □ 

The following is proved in |Gro671 III.7.7.8-9], see also [LMB001 4.6.2.1] and 
[Lie06l 2.1.3]. 

Definition— Lemma 33. Let / : X — » S be proper. Let F, L be coherent sheaves 
on X such that L is flat over S. Then there is an S'-scheme Horn (J 1 , L) parametrizing 
homomorphisms from F to L. That is, for any g : T — * S, there is a natural 
isomorphism 

Hom T (^F, S Mor s (T, Hom(F, L)) , 

where <?x : T Xj X — > X is the fiber product of g with the identity of X. 

Proof. Note that there is a natural identification between 

(1) homomorphisms 4> : F — > L, and 

(2) quotients $ : (F + L) -» M which induce an isomorphism $|l : L = M. 
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Let 7r : Quot(i 7 ' + L) — > S denote the quot-scheme parametrizing quotients of 
F + L with universal quotient u : k* x {F + L) — > M, where ttx denotes the induced 
map ttx '■ Quot(F + L) x s X — > X. 

Consider now the restriction of u to ul ■ ^*xL ~~ * M. By the Nakayama lemma, 
for a map between sheaves it is an open condition to be surjective. For a surjective 
map with flat target, it is an open condition to be fiber-wise injective (cf. |Mat86| 
22.5]). Thus there is an open subset 

Quot°(F + L) C Quot(F + L) 

which parametrizes those quotients v : F + L — ► M which induce an isomorphism 
vr. : L = M. Thus Horn (F, L) = Quot°(F + L). □ 

Push forward and 52. 

Here we collect some well known results about normalization, pushing forward 
and ^-sheaves. 

Lemma 34. Let R be a Noetherian ring and M an R-module. Assume that each 
associated prime of M has dimension n. The following are equivalent: 

(1) Ifr £ R is not contained in any associated prime of M then every associated 
prime of M/rM has dimension (n— 1). 

(2) If N D M has the same associated primes as M and every associated prime 
of N/M has dimension < (n — 2) then N = M. 

Proof. To see (2) => (1), pick n £ N such that the associated primes of Rn/RnD 
M have dimension < (n — 2). There is an r € R which is not contained in any 
associated prime of Rn (~l M such that rn € M . Then rn leads to an associated 
prime of M/rM of dimension < (n — 2). By (1) we obtain that rn £ rM and so 
n £ M. 

Conversely, assume that there is a submodule rM C M' C M such that every 
associated prime of M' /rM has dimension < (n — 2). Then N := r _1 M' D M 
shows that r~ 1 M' = M, Thus M' = rM, which gives (1) => (2). □ 

The proof of the next lemma is essentially the same as the coherence argument 
in m 



Lemma 35. [Gro67, IV. 5. 11.1] Let X be the spectrum of a Nagata ring R, i : U — > 
X the immersion of an open set and F a coherent sheaf on U . Then i*F is coherent 
iff codim(5; PI (X \ U),x) > 2 for every associated prime x £ X of F. 

Lemma 36. Let X be an affine scheme, i : U — > X an open immersion and 
W = X \ U . Let F be a coherent sheaf on U and G a quasi coherent sheaf on X 
such that G\u = F. The following conditions are equivalent: 

(1) G = i m F. 

(2) For a, b £ Iw , if the sequence 



is exact then so is 



(3) depths (G) > 2. 



^F^ F + F ^ F 



G^G + G^G. 
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(4) If a E Iw does not vanish on any associated prime of F then G/aG has no 
associated prime supported on W . 

(5) H W (X, G) = for i = 0,1. 

(6) H w (X, G) — and for every coherent sheaf Q such that Supp Q C W every 
extension 

O^G^G'^Q^O splits. 

Proof. We first prove that (|36l l) and (f36l 2) are equivalent. Since F is coherent, 
it has only finitely many associated primes. Choose a E Iw which is not contained 
in any associated prime of F and b G Iw which is not contained in any associated 
prime of F/aF. 

Then — » F F + F — I F is exact. Since i* is left exact, this implies 

(|36l 2). Conversely assume ((36j2) . G\u = F, thus there is a natural homomorphism 
G — > i*F. Let K C G be its kernel. Every element of K is killed by a power of Iw, 
thus if K ^ then we can choose ^ g G K such that Iw ■ 9 = 0, in particular 
ag = bg = 0. This is impossible since (15512) is left exact. 

Thus G — ► i^F is an injection; let C be its cokernel. Every element of C is 
killed by a power of Iw, thus if G ^ then we can choose g' G i*.F \ G such 
that ag', bg' G G. (og', — ag') 6 G + G is in the kernel of the map (a, 6), hence by 
exactness there is a g G G such that og = 6g' and ag — ag'. This implies that 
g — g' = 0, a contradiction. 

(|36l2) implies that (a, 6) is a G-sequence of length two, hence depth w (G) > 2. 
Conversely, if depth w (G) > 1 then none of the associated primes of G are contained 
in W. Every other associated prime of G is also an associated prime of F, hence G 
has only finitely many associated primes. Therefore one can choose a G Iw which 
is not contained in any associated prime of F. If depth w (G) > 2 then none of 
the associated primes of G/aG are contained in W, hence one can choose b G Iw 
which is not contained in any associated prime of G/aG. This shows that (|36l 2) is 
equivalent to (|36l3). 

((551 4) is a restatement of (|5ol 3). 

For any quasi coherent sheaf G there is an exact sequence 

— > H W (X, G) — > H°(X, G) — > H°(U, G\u) — > H W (X, G) — > H 1 (X, G). 

Thus H W (X, G) = iff G -> i*(G|(y) is an injection. Since X is affine, iJ^pf, G) = 
thus H W (X, G) = iff G — > i*(G|[/) is a surjection. These show that ([551 1) and 
(|36l 5) are equivalent. 

If £f{^(X, G) = then G — > is an injection. Thus if G 7^ then we have a 
nonsplit extension. If G — > G' is as in (|36l 6) then G'\U = F gives a homomorphism 
G' -> i*F which is a splitting of G — > G' if G = □ 

Appendix: Algebraic space case, (joint with M. Lieblich) 

We consider the case when S is a Noetherian algebraic space and / : X — > S is 
a proper morphism of algebraic spaces. 

37 (Flat families of coherent sheaves). Let / : X — > S be a proper morphism. The 
functor of flat families of coherent sheaves Flat(X/S) is represented by an algebraic 
stack Fl&t(X / S) which is locally of finite type but very nonseparated; cf. [LMB00, 
4.6.2.1]. 
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However, as in ([Tol l). Fl&t(X/S) satisfies the existence part of the valuative 
criterion of properness. That is, if T is the spectrum of a DVR with generic point 
t g then every morphism t g — ► ¥\&t(X/ S) extends to T — > Flat(X/ S). 

In fact, an even stronger property holds: 

[571 1 Theorem. [RG7H 5.2.2, 5.7.9] Let U/S be a separated S-space of finite type 
and g : U —> ¥]&t(X/S) a morphism. Then there is an S-space U D U which is 
proper over S such that g extends to a morphism g : U — > Flat(X/S'). 

38 (Construction of QHusk(F)). Let a : ¥\&t{X/S) — > 5 be the structure morphism 
and let Ux/s denote the universal family over ¥\&t(X/ S). There is an open substack 

FLat n pr/£) C ¥\&t{X/S) 

parametrizing those sheaves that are pure of dimension n. Let U x , s be the corre- 
sponding universal family. 

Consider Ixj ¥\dX n (X/S) with coordinate projections 7Ti,7T2- The stack 

parametrizes all maps from the sheaves F s to sheaves N s that are pure of dimension 
n 

We claim that QHusk(F) is an open substack of Horn {-k\ F, t^^Ux/s)' Indeed, as 
in the proof of (|33|) , for a map of sheaves M — » N with N flat over S 1 , it is an open 
condition to be surjective at the generic points of the support. 

As in (fTOl l). we see that QHusk(F) is separated. 

Putting these together, and using that an algebraic stack whose diagonal is a 
monomorphism is an algebraic space (see, for instance, [LMB001 Sec.8]), we obtain 
the first existence theorem: 

Theorem 39. Let f : X — > S be a proper morphism of algebraic spaces and F a 
coherent sheaf on X . Then 

(1) QHusk(F) is separated and it has a fine moduli space QHusk(F). 

(2) Every irreducible component of QHnsk(F) is proper over S. □ 

40 (Construction of Hull(.F)). In a flat family of coherent shaves, it is an open 
condition to be S2 over their support and for a map to a flat sheaf it is also an open 
condition to be an isomorphism at the codimension 1 points of their support. This 
implies that Hull(F) is an open subspace of QHusk^). 

We claim that Hull^) is of finite type. First, it is locally of finite type since 
QHusk(i 7 ') is. Second, we claim that redHull(F') is dominated by an algebraic 
space of finite type. In order to see this, consider the (reduced) structure map 
redHull(i 7 ') — > red S. It is an isomorphism at the generic points, hence there is 
an open dense 5° C redS* such that S° is isomorphic to an open subspace of 
redHull(i ? ). Repeating this for redS \S°, by Noetherian induction we eventually 
write redHull(F') as a disjoint union of finitely many locally closed subspaces of 
redS*. (We do not claim, however, that every irreducible component of redHull^) 
is a locally closed subspace of nedS.) 

These together imply that Hull(F) is of finite type. (Indeed, if U — * V is a 
surjection, U is of finite type and V is locally of finite type then V is of finite type.) 

As in (fT8l 2). the structure map Hull(F) — > S is a monomorphism. However, in 
the nonprojective case, it need not be a locally closed decomposition (though we do 
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not know any examples). We can summarize these considerations in the following 
theorem. 

Theorem 41 (Flattening decomposition for hulls). Let f : X — > S be a proper 
morphism of algebraic spaces and F a coherent sheaf on X . Then 

(1) Hull(F) is separated and it has a fine moduli space Hull(F). 

(2) Hull(F) is an algebraic space of finite type over S. 

(3) The structure map Hull(F) — > S is a surjective monomorphism. □ 

In some cases one can see that Hull(F) — > S is a locally closed decomposition 
using the following valuative criterion of locally closed embeddings. 

Proposition 42. Let f : X — » Y be a morphism of finite type. Then f is a locally 
closed embedding iff 

(1) f is a monomorphism, and 

(2) if T is the spectrum of a DVR and g : T — > Y a morphism such that 
g{T) C f(X) then g lifts to g x : T -> X . 

Proof. Since / is a monomorphism, it is quasi-finite. Take any proper / : X — > Y 
extending / and then its Stein factorization. We obtain an algebraic space X C X 
and a finite morphism / : X -> Y extending /. Set Z := X \ X. If Z = 
then 

f(X) = f(X) \ f{Z), 

and f(Z) C f(X) c Y are closed embeddings. Thus f(X) C Y is locally closed 
and / : X —> f(X) is a proper monomorphism hence an isomorphism by (12"2")) . 

Otherwise, there are points z £ Z and x S X such that /(z) = /(a;). Let T be 
the spectrum of a DVR and h : T — > X a morphism which maps the closed point 
to z and the generic point to X. Set g := / o h. Then ,g(T) C f(X) and the only 
lifting of g to T X is /i, but ft(T) £ X. □ 

43 (Proof of (HU). One can get another proof of (gT]) 

using (|4ip and (|42p as follows. 

Since / : X —> S is projective, there is an /-ample divisor H and we can 
decompose Hull(.F') = n p Hull p (i 7 ') according to the Hilbert polynomials. In order 
to prove that each Hull )9 (i ;l ) — > S is a locally closed embedding, we check the 
valuative criterion (142)) . 

We have Xt T and a coherent sheaf such that the hulls of F tg and of F to 
have the same Hilbert polynomials. 

Let Ft — > G+ be the hull over the generic point and extend Gt g to a husk 
Fx — ► Gx- 

Let G^**' denote the hull of Gt ■ Then the composite F t[) — > Gj — > G|**' is the 
hull of F to . By assumption and by flatness 

X(X , G[;* ] (tH)) = p(t) = X (X , G tg (W)) = X (Xo, G U) (tH)) . 

Hence, by ([26j2), G to = g[* * ] and so G to = G[** ] is the hull of F to . Thus G T defines 
the lifting T ~* Hullp (F) . □ 
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